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Attosecond electromagnetic pulse generation due to the interaction of a relativistic soliton
with a breaking-wake plasma wave
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During the interaction of a low-frequency relativistic soliton with the electron density modulations of a wake
plasma wave, part of the electromagnetic energy of the soliton is reflected in the form of an extremely short
and ultraintense electromagnetic pulse. We calculate the spectra of the reflected and of the transmitted elec-
tromagnetic pulses analytically. The reflected wave has the form of a single cycle attosecond pulse.
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I. INTRODUCTION represent a fundamental feature of the nonlinear laser-plasma
interaction. As was shown in Refl6—8], a significant frac-
Over the last few years we have witnessed a very signifition of the order of 30—40 % of the laser pulse energy can be
cant progress in the generation of ultraintense laser pulsetapped in these structures in the form of e.m. energy oscil-
Present day lasers produce pulses with intensities that apating at a frequency below the Langmuir frequeney,
proach 182 W/cn? [1]. In the so-called relativistic regime, =(47ne?/my)*? of the surrounding plasma. The typical size
where the quiver energy of the electrons is equal to, oof these solitons is of the order of the collisionless electron
greater than, their rest-mass energy, i.e., where the laser ligbkin depthd.=c/w,.. The e.m. fields inside the solitons con-
intensity exceedsl ~10® W/cn?, interesting nonlinear sist of synchronously oscillating electric and magnetic fields
properties of the laser-plasma interaction come into (dag  plus a steady electrostatic field which arises from charge
e.g., the review article§1,2], and the literature quoted separation as electrons are pushed outward by the pondero-
therein. Among the rich variety of nonlinear processes thatmotive force of the oscillating fields. On a long time scale,
accompany the electromagnetie.m) pulse propagation when the effects of the ion motion become important, the
through a tenuous plasma, in the present paper we shall agenderomotive force forms cavities in the plasma density,
dress the Langmuir wavés,4] and the relativistic e.m. soli- which have been named post solitoffs7]. Post solitons
tons[5-8] that are left in the wake behind the laser pulse. were observed experimentally in REE8] with the use of the
As is well known, the use of the collective electric fields proton imaging techniqugl9]. However, for simplicity, in
in plasmas in the laser wake-field acceleraloNFA) pro-  the present paper we shall consider conditions when the ef-
vides one of the most promising approaches to highfects of the ion motion can be neglected. We shall regard the
performance compact electron accelerafgts The wake-  soliton in the reference frame co-moving with the wake wave
field acceleration of electrons has been observed in thas a semicycle e.m. wave packet. As a result of the packet
experiments reported in R4P] (see also the review article interaction with the electron density modulations in the wake
[10]). Another use of the wake field is in the intensification wave, a portion of its energy is reflected in the direction of
of co-propagating short laser pulses, known as the photopropagation of the wake plasma wave. This results in the
acceleratof11]. transformation of the low frequency soliton field into a high
In Ref. [12] a method for generating ultrahigh-intensity frequency ultrashort e.m. burst. In a tenuous plasma the fre-
e.m. fields was proposed, based on the compression of a lagguency up-shift can be so large that it can provide a different
pulse, the up-shifting of its carrier frequency, and the pulsenechanism for generating attosecond pulses, distinct from
focusing by a counterpropagating, breaking plasma wave. Ithe mechanisms described in the literati#z@]. In this paper
this case the electron density modulations in the wake wavere limit our scope to the analytical investigation of this
act as parabolic relativistic flying mirrors. This method mechanism in a simplified one-dimensional geometry. A nu-
makes it possible to achieve the critical field of quantummerical investigation based on particle-in-c@C) simula-
electrodynamicgknown as the Schwinger limi{tl3]) with  tions in a more realistic geometry will be the subject of a
present-day laser systems. Below, we shall show that the roferthcoming paper.
of the laser pulse can be taken by a relativistic e.m. soliton. The present paper is organized as follows. In the next
As is well known, for a long time solitons have attracted section we rederive the relationships between the frequency,
great attention because of their resilient, robust behdg®¥r wave number, and amplitude of the incident pulse propagat-
and the research field on solitons has grown enormouslyng in an underdense plasma and of the pulse reflected at the
This research topic ranges from the nonlinear wave dynamicselativistic mirror. In Sec. Ill we analyze the interaction of
in shallow water, where solitons have been discovése#, the e.m. soliton with the electron density slab formed by a
e.g., Refs[14,15)), to quantum field theor{/16]. Relativistic ~ breaking Langmuir wave. In the final section we discuss the
e.m. solitons provide an example of coherent structures angsults obtained and present the conclusions.
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Il. REFLECTION OF THE ELECTROMAGNETIC WAVE
AT THE RELATIVISTIC MIRROR

PHYSICAL REVIEW E 71, 036404(2005

o' = Vil wo(1+ ) + 23— 02 YBpn].  (9)

In the limit w3> w2, we obtain the vacuum frequency up-

Let us consider the reflection of an e.m. wave at a relashift: @"=wo(1+ By ! (1= Byr), While in the CaS&’cz):w;z)e we
tivistic mirror in the case when the wave propagates throughing

an underdense plasma. In this case the wave frequepcy
and wave numbek, are related by the dispersion equation

@

The Langmuir frequencyy, is a relativistic invariant, i.e., it
does not change under Lorentz transformations.

2 _1,2-2 2
(,Uo—koc +wpe.

LAHB (LB
0 = ~
1= -8
This limit corresponds to the case of the soliton reflection at
the mirror.

/N —

20pef (10)

The linearly polarized incident wave propagates from thelll. SOLITON INTERACTION WITH A BREAKING-WAKE

right to the left, i.e., its wave four-vector i&K=(wy/cC,
—kg,0,0), and the mirror moves from the left to the right

PLASMA WAVE

When an intense pulse interacts with a plasma, it forces

with the phase velocity/=(vpn, 0,0) of the breaking plasma  the plasma electrons to move with relativistic velocities. In
wave. As is well knowr{4], the phase velocity,,=B,rC 0f  turn, this motion induces a wake field in the plasma. The
the wake field is equal to the laser pulse group velocitynonlinearity of the strong wake field leads to a nonlinear
which is close to the speed of light in vacuum if the laseryaye profile and in particular to the steepening of the wave
pulse propagates in an underdense plasma. The vector potejhd to the formation of sharply localized maxima, “spikes”,
tial of the incident wave is given by in the electron densitj21]. This means that the wake field
enters the wave-breaking reginfsee Ref.[2] references
therein. Theoretically, the electron density in the spikes
tends to infinity, but remains integral&]. From the conti-
nuity equation it follows that the electron density is given as
a function of X=x-vt by

2

where ko=(w)~ w5 *?/c and ay=eEy/mwc with E, the
amplitude of the the electric fieldy, ande the electron mass
and charge, andthe speed of light in vacuum. Performing a

ajn(X,t) = agsin(wot + kox),

Lorentz boost to the reference frame where the mirror is at NoBon
rest(denoted as th&1 frame), we obtain for the vector po- Ne(X) = mp(—x) (11)
p u

tential of the wave,
whereny is the ion concentration in the plasma and the speed

an(x',t") =agsin(w't’ +k'x’), (3)  ofthe electrongdivided by the speed of lighj3, varies from
h —Bon 0 Bpn- As @ consequence, the electron density tends to
where infinity at the breaking points and it is of the orderrgf 2 in
' _ r__ the regions in between. Thus, close to the wave breaking
"= Yon(@o + kovpn)s - K== 7prlko + woffpnlfe,  (4) conditions, we can use the approximate form of the electron
density,
t'= 'yph(t - XBph/C)’ X' = 'yph(x - tUph)y (5

ny(X) = ”—20[1 2,801, (12)

Boh=vpn/C and ypn=(1-B5)Y2 We notice that the trans-
verse component of the vector potential is a relativistic in- . _
variant so thag, does not change under the Lorentz trans-instead of Eq(11). Here), is the wavelength in the wave
formation. Assuming ideal reflection, we write for the breaking regime. The density spike in H42) can be ex-

reflected e.m. wave in the reference frame pected to partially reflect a counterpropagating e.m. wave.
In this section we study the interaction of a one dimen-

sional soliton with the wake field12). We recall that rela-
tivistic plasma solitons are formed during the interaction of a
high intensity laser pulse with the plasma. This interaction
causes the laser pulse to lose its energy which is transformed
into the energy of various plasma modes and into kinetic
energy of the charged particles. As the pulse propagates in
where the frequency” of the reflected wave is equal to ~ the plasma, the number of photons in the pulse is approxi-
mately conserve@8]. This fact, along with the loss of pulse
0" = ypr(@' = K'vgp) = Y,Z)h[wo(l +,3§h) + 2kOUph]- (8) energy, leads to the decrease of frequency of the pulse down
t0 wy,=wpe As a result, the part of the pulse energy becomes
In the case of the e.m. wave propagating in vacuum, usingapped in electron density cavities in the form of low-

(6)

Now we transform back to the laboratory framend obtain
for the reflected e.m. wave

(X' 1) = —agsin(w't’ —k'x").

Aef(X,1) = — agsin(w”t — K"x), (7

the dispersion relatiom3=k3c?, we obtain from Eq(8), the
Einstein relationshipu”:w0(1+ﬂph)/(l—,Bph)~4woy§h for
Bph— 1 (see Refs[23,24)). On the contrary, for the e.m.
wave in a plasma, we must use the dispersion relation
which yields

frequency radiation.

Let us assume that the soliton is formed by a circularly
polarized laser pulse. In order to describe the transverse com-
ponents of vector potential, we introduce the complex di-
mensionless functioA,
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In order to calculate the reflection and the transmission
coefficients we should consider the interaction of the e.m.
wave with the maximum of the electron density in the break-
ing Langmuir wave. Since in the wave breaking regime the
electron density can be described by the expresdian this
problem is equivalent to the scattering from a delta-function
potential. In this approach it is assumed that the continuum
model for the electron response remains applicable even ac-

— counting for the up-shift of the frequency of the reflected
-1.5 : ‘ : ! : — radiation.
-10 -5 0 5 10 Then the amplitudes of the reflected and of the transmit-
z ted plane waves are given by the reflection and transmission
coefficients[12]:

FIG. 1. The dependence of the eleciisolid line) and magnetic

(dashed ling fields of the initial soliton onx in the laboratory , q , iw
frame; x is measured in units/wpe; time is set to zerot=0, and plw')=- . i ') = Cie (19
w=0.850p, g d
whereq=2w,d(2y,n)*2 The reflected e.m. pulse is given by
e o0 00
-_— H l N Ny !

A= n1eC2(Ay+ IAz) (13) Ar,ef(x,1t,) - ZTJ f p(w’)Ai'n(O,T)e"" Tl (t'—x /C)dw’dr,

Using the requirement that the vector potential vanishes at (19)

infinity, one can write the stationary solution for the system
of the cold hydrodynamic electron equations and of Max-where we assumed that the reflected pulse moves with the

well's equationd 6] in the factorized form speed of light and that it is not affected by plasma. This is
26 (wg)costi(wg)wyc]e s justified by the fact that the frequency of the reflected pulse
A(x,t) = 0 0’ p 5 = C(x)e“, is well above the Langmuir frequency so that we can neglect
costl&(wp) wpex/c] — £%(wo) the small difference between the gro(gmd phasevelocity
(14) of the pulse and the speed of light in vacuum. Using the
relationship

where wy<wye is the soliton frequency, and(wg)=(1
~wi/ wp)*2 The form of the electric and magnetic fields
inside the soliton is shown in Fig. 1. In the limit of small
soliton amplitude, whemy= w,, i.€., e(wg) <1, the ampli- _ _ _
tudeC(x) reduces ta(x) =~ 2&(wo)/costie(wp)wpex/c]. This  Whereb(a) is the theta functiorf(«)=1, if =0 and (@)
limit provides an example of a soliton described by the so=0, if «<0, we carry out the integration in E¢L9) overw':
called nonlinear Schrodinger equatiee Refs[14,15,23). A

Below we consider the interaction of the soliton with the A’ (x’,t') = — e dt' /0 f c(yphvphq-)e(q”wﬂph)’dq-,
electron density modulation moving with relativistic velocity —0
in the wake plasma wave. The velocity of the wake field is (21)
close to the velocity of light in vacuum and is directed along
the x axis. In order to simplify the calculations we perform where we have absorbed the theta function in the redefinition
the Lorentz transformation to the reference fraiewhere  of the upper limit of integration.
the wake plasma wave is at rest and the soliton appears as an!n order to find the expression of the vector potentials of
e.m. wave packet incident from the right to the left. In thisthe reflected pulse in the laboratory reference framee
reference frame the vector potential of the soliton, denotegerform a Lorentz transformation and obtain

ALX 1) wherex=yp(X' +uprt’) andt=yp(t’ +vpX’/ A is AulX) = - & A(L+Bon) Ypr(t=X/0)

f plo)e ™ do’ = - 21q0(a)E®, (20

given by
) , 2 (1+Bph)7ph(t_)dc) )
An(X 1) = Clypn(X + vprt))Eeoren® o'l (15 % f C(Ypropn) €00 7.
At the mirror, which is assumed to be localizedxat0, the
e : . (22
incident e.m. field depends on time as
‘ , Now we introduce two complex functions:
An(O.1) = Clopwpt )07 (16) P
= +i = +i
By performing the Fourier transform of the incident pulse, E=E+IE, B=B/*iB, 23
we obtain where E,E,,B,,B, are the transverse components of the
1 (* electric and magnetic fields in the reflected e.m. wave. The
Al(0,0') = —f Al (0,7 dr. (17)  electric and the magnetic fields are expressed in terms of the
27) vector-potential as
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FIG. 3. The dependence of the electric field in the incident
(dashed lingand reflectedsolid line) pulse onx in the laboratory
frame; x is measured in unitg/ w,e time is set to zerof=0,w
=0.85wpe, and y=2.

FIG. 2. The dependence of the eleciisolid line) and magnetic
(dashed lingfields of reflected pulse oxin the laboratory framex
is measured in units/a)pe; time is set to zerd,=0,0=0.85wy,, and

¥ph=100.
the reflected pulse is compressed with respect to the initial
_ 10A _0A one by the factor Qf)h. In order to illustrate this effect, in
T oot B= '5' (24) Fig. 3 we present the electric fields of the initial and reflected

o _ _ pulses forypn=2.
As a result, the explicit expressions for the electric and mag- |n a tenuous plasma the frequency up-shift of the reflected

netic fields of the reflected pulse take the form pulse, and its related compression, can be so large that they
can provide a different mechanism of attosecond pulse gen-
ErefX,t)=(1+ 3ph) yphg{Aref(x,t) + C[yzphvph(l + 3ph) eration. The Lor_entz factoyph of the wake field generated
c by a laser pulse in plasma is equahtg,~ wq/ wpe, Wherewy
X (ct— X)]ei(lﬂgph)ygh%(t_x,c)}_ (25) is the frequency of the laser pulse that generates the wake

plasma wave(see Ref[4]). The frequency up-shift of the
] portion of the soliton field reflected by the wake plasma
Bred(X,t) =iEref(X,1). (260 wave is 5100~ 2¥ohwpe= 2¥phwg. Thus, for a lum wave-
The shape of the electric field in the reflected pulse is show!en9th Iaserlpuls_eg, corresponding to the critical plasma den-
in Fig. 2. In the ultrarelativistic limit(1+B8,,~2 and 1 S ne:~ 107 cm®, the factor 2, required to generate an
~ Bon= 1/2%2)h) the expressions of the vector potential and ofattosecond reflected pulse must be of ordet 1L6., the den-

the electric and magnetic fields can be reduced to the simpl&ty Of sthe loslasma must be sufficiently low, of the order of
form 410 cm3,

If we take the dimensionless amplitude of the solitde-
fined in terms of the soliton frequency in the laboratory
frame to be equal tay,, the equivalent intensity of the e.m.
field is given byly=cEj/4m and is equal tdo=~ (ag/ ypn)?

(27) % 10'8 W/cn?. After reflection at the electron density modu-
and lations in the wake plasma wave, the intensity of the re-
flected e.m. pulse becomes equal tp¢~ yghlo, ie.,
Eret(X,t) = = iBref(X,1) ~agy,nx 10'8 W/cm?. Additional light intensification can
q occur because of the focusing effect that accompanies the
= Zyph—[Aref(x,t) +C(2y§hvph reflection and that is due to the paraboloidal shape of a rela-
¢ tivistically strong wake plasma wave, as demonstrated in
X (ct - X)) yghwo(t—x/c)]_ (28) Ref_. [12], where the_ mirror interaction with a counterpropa-
gating laser pulse in a tenuous plasma was studied. In the
By evaluating the two terms in the square brackets in Eqcase of the interaction of the soliton with the wake field the
(28) numerically, it can be shown that they are of the samenhanced scaling of the reflected wave intensjty= Vf,hlo,
order. Thus, from Eq(28) and from the definition ofj below  leads to~ady}, X 10 W/cn?. In Ref.[6] it was proven that
Eq. (18), we can conclude that the amplitudes of the electricwithin the one-dimensionallD) approximation the dimen-
and magnetic fields in the reflected pulse increase by a fact@ionless amplitude of a soliton, with a nonvanishing electron
of order y,,*2 i.e., that its intensity is proportional tg3,.  density inside the soliton, should be smaller thaR. 3How-
The frequency of the reflected pulse is up-shifted by t%e facever, in the 2D and 3D cases the soliton amplitude can be
tor 2'yF2)h, as could be expected qualitatively from the consid-substantially higher, as shown by the PIC simulation results
erations on the reflection of a plane wave from a relativistic(see Ref[8]). For the plasma density and wake-field param-
ideal mirror in Sec. II. It can also be seen from E2@) that  eters discussed above correspondingyfg~ 10°, assuming

2yph(t—x/c) )
Avei(X,1) = = g € 247pr(10 f C(yphp pr7)€ T e0ron g7,

—00
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the dimensionless soliton amplitudg to be equal to 10, we Within these limitations we have shown that, in the case
obtain that the reflected pulse intensity approachesf the reflection of a plane wave by a mirror moving with
107° W/cn?. This intensity is not far from the critical inten- velocity vpn the frequency is up-shifted by the factat

sity (the so called Schwinger intensjtin quantum electro- +/3ph)/(1+,8ph)~4y§h [yph:(l—ﬁéh)‘l’2 is the Lorentz fac-
dynamics | spy=5X 10?? W/cn. In principle, this allows us  tor andB,,=v,n/c] in accordance with the Einstein formula
to consider the problem of the electron-positron pair producf23]. We have shown that in a plasma this factor reduces to
tion by the e.m. field: the Schwinger effddt3]. In addition, ZVSh in the casew=~ wpe (wpe is the Langmuir frequengy

the em. field invariants, F=(E2-B%)/2 and G  The reflected pulse is compressed with respect to the initial
=(Eqer- Brer) Of the plasma wave pulse reflected and focusecpulse by(1+45,)/(1-45,), and the maximum amplitude of
by the paraboloidal relativistic mirror are not equal to zero.the electric field in the reflected pulse is increased

We recall that, as shown in RgR5], electron-positron pairs times. Thus a substantial increase in field intensity and fre-
can be produced in vacuum by a focused e.m. pulse. guency has been demonstrated.

In a tenuous plasma the frequency up-shift can be so high
that it can provide a different mechanism of the attosecond
) ) ) .. .pulse generation in the case when the wake field in the

We have considered the interaction between a relat|V|st|$,|asma is generated by a femtosecond laser. Thgn
plasma soliton, generated by a circularly polarized €M< wal wpe, Wherewy is the frequency of the driver laser pulse
wave, and a breaking-wake plasma wave. The electron demnat generates the wake field. The frequency up-shift of the
sity spike associated with such wave acts as a mirror flying,otion of the soliton reflected by the wake field is equal to
with a relativistic velocity. We have cqmputed the propertleszyzhwpezzyphwd_ In order to generate an e.m. pulse in the
of the reflected pulse by first performing a Lorentz tra”Sfor‘attposecond range, the Lorentz factor must be equay,to
mation to the reference frame where the wake plasma waveg 10?, which corresponds to a plasma density of theporder
is at rest. In this frame we have used the reflection coefficients 4« 105 cny3.
derived in Ref[12] for the frequency components obtained ¢ \ye take into account the additional intensification of the
by Fourier expanding the soliton vector potential. The formg i, field that occurs in a three-dimensional configuration
of the reflected pulse in this moving frame has been obtainefgcause of the paraboloidal form of the reflecting wake
by performing the inverse Fourier transform and the amplipiasma wave when this wave is relativistically strong, the
tude of the reflected pulse in the laboratory frame has thepsfiected pulse intensity can approach?®\//cn?, i.e., it
been obtained by successively performing the inverse LOrzan approach the Schwinger limit for the electric field. This
entz transformation. _ _ , o makes it possible to consider the production of electron-

The results of the one-dimensional investigation presentegositron pairs by such fieldSchwinger effet
in this paper are partly based on idealizations of the plasma
response and must be considered as a proof of principle of
the possibility of exploiting a different mechanism for ob-
taining high-intensity attosecond pulses. For example, elec- We appreciate fruitful discussions with N. B. Narozhny
trons may become trapped because the wake wave was amd V. S. Popov. This work was partially supported by
sumed to be close to its breaking limit. Therefore, as a resulNTAS Grant No. 001-0233 and by the Federal Program of
of the interaction of the wake wave with the plasma inhomo-the Russian Ministry of Industry, Science and Technology N
geneity formed by the soliton, a few electrons can be injected0.052.1.1.1112. It was also partially supported by RFBR
into the wake wave as shown in Rg26]. Grant No. SS - 2328.2003.2.

IV. CONCLUSION
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